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Abstract – Repulsion of nanoparticles, molecules and atoms from surfaces can have important 
applications in nanomechanical devices, microfluidics, optical manipulation and atom optics. Here, 
through the solution of a classical scattering problem, we show that a dipole source can experience a 
robust and strong repulsive force when its near-field interacts with a two-dimensional material that has 
a metallic character. As an example, the case of graphene is considered, showing that a broad bandwidth 
of repulsion can be obtained spanning the frequency range 0 ൏ ԰߱ ൏ ሺ5/3ሻߤ௖, where ߤ௖ is the 
chemical potential of graphene, tuneable electrically or by chemical doping. 
 
Since the confirmation that light carries momentum in the early 20th century, the study of the mechanical 
force that light exerts on matter has developed into important scientific and technological 
applications[1], [2]. A simple example of optical force occurs when polarized particles are attracted to 
a nearby surface: any material surface brought close to an oscillating dipolar particle will experience 
oscillations of its constituent charges, whose scattered fields then exert forces back on the polarized 
particle. Under the quasistatic approximation, this is typically explained by an effective image dipole 
induced in the material[3]. This force can be very strong in the near field and is usually attractive for 
conventional materials: its influence is behind the unwanted adhesion and stiction in nanomechanical 
devices[4], [5]. Interestingly, recent works show that the surface material’s optical properties can turn 
this attraction into a repulsion, even if the particle is in free space[6], [7]. The polarized particle can be 
any particle that exhibits a dipole-like electromagnetic field, ranging from small illuminated 
nanoparticles to single atoms. This optical repulsion of polarized particles from surfaces could lead to 
interesting novel applications, providing a simple route for levitation of particles or atoms away from a 
neighbouring surface by relying on the optical properties of a surface, instead of requiring structured 
illumination.  
In order to achieve repulsion of a particle from a surface, the image dipole induced on the surface must 
oscillate in phase with the polarized particle, instead of out-of-phase as in conventional dielectrics: in 
previous works this was achieved by using materials whose relative electric permittivity is near zero[6]. 
These materials allow no electric field perpendicular to their boundary, intuitively squeezing the electric 
field between the dipole and the surface, resulting in repulsion[6]. This property, however, is available 
in natural materials only on narrow frequency bands, and is difficult to synthetize artificially[8], [9]. A 
viable alternative is to use anisotropic materials in which only one of the components of the permittivity 
tensor is near zero[7], retaining the repulsive behaviour. Although this condition can be achieved with 
artificial materials such as metal-dielectric stacks, the fabrication is still challenging, as finely adjusted 
thicknesses of metal and dielectric layers are needed to achieve the repulsion in a required spectral 
range. 
In this work, we propose a much simpler approach to the repulsion of polarized particles from surfaces. 
Instead of relying on an optical substrate with bulk optical properties, we design the optical force acting 
on a polarized particle in the vicinity of a two-dimensional (2D) sheet, and we find a broad range of 
parameters that can result in repulsion of the polarized particle in a wide optical bandwidth. In Ref. [7] 
we found that thinner sheets of metal resulted in broader repulsion bands. This inspired us to investigate 
the thinnest materials, one-atom-thick two-dimensional materials, which are known to show metallic 
character under certain conditions. Two-dimensional materials have been lately shown to have truly 
remarkable properties, very different to bulk materials, and several practical examples of 2D materials 
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such as graphene, transition metal dichalcogenides (TMDC), and boron nitride are being widely used 
in nanophotonics and optoelectronics[10]. We show that they can also exhibit large dipole repulsion 
bandwidths. The presented model also applies to topological insulators, whose surface can be regarded 
as a sheet conductivity. The model could explain the experimentally observed unusual wetting 
characteristics of graphene[11], [12] and Van der Waals forces on molecules near TMDCs[13], [14]. 
  
 
Fig. 1. (a) Geometry of the problem: a dipole p radiating at frequency ߱ (wavelength ߣ) located a 
distance h above a 2D material surface on a substrate of relative permittivity ߝଷ. The upper medium has 
relative permittivity ߝଵ. (b,c) Numerically calculated potential energy landscape of a horizontal dipole 
as a function of its distance above the surface, for different values of surface conductivity equal to (b) 
ideal conductivity of graphene ߪଶ஽ ൌ ݁ଶ/4԰ (corresponding to label “A” in Figs. 2-3), and (c) a two-
dimensional conductivity with a high imaginary part, indicating metallic character (corresponding to 
label “B” in Figs. 1-3). The potential energy is normalized to the power radiated by the dipole ܲ୰ୟୢ ൌ
|ܘ|ଶ߱ସ/ሺ12ߨߝ଴ߝଵሺܿ଴ଷ/݊ଵଷሻሻ, where ݊ଵ ൌ √ߝଵ. 
 
Optical force on dipoles above two dimensional sheets - We consider a dipole source ܘ ൌ ൫݌௫, ݌௬, ݌௭൯ 
radiating with a frequency ߱ at a position ܚ૙ ൌ ሺ0,0, ݄ሻ	above a two dimensional sheet conductivity 
ߪଶ஽	at the plane ݖ ൌ 0, sandwiched between a superstrate and substrate with respective relative 
permittivities ߝଵ and ߝଷ, as in Fig. 1(a). The time-averaged optical force acting on the dipole is given 
by[15]: 
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〈۴〉 ൌ ෍ 12ܴ݁ሼ݌௜
∗સܧ௜ሽ
௜ୀ௫,௬,௭
ൌ ෍ 12ܴ݁൛݌௜
∗݌௝સܩ௜௝ൟ
௜,௝ୀ௫,௬,௭
  
where સ is the gradient with respect to ܚ evaluated at ܚ૙, and ۳ = (Ex, Ey, Ez) is the electric field acting 
on the dipole, given by ۳ሺܚሻ ൌ ۵ിሺܚ, ܚ૙ሻ	ܘ. The Green tensor ۵ി accounts for the reflected field of a 
dipole above an arbitrary surface and is a function of the Fresnel reflection coefficients of the surface, 
involving transverse wave-vector integration[16], [17]. Although a lateral force may exist for circularly 
polarized dipoles[18]–[21], corresponding to the terms સܩ௜௝ with ݅ ് ݆, here we are interested on the 
vertical force component only, which is given by the terms સܩ௜௜ (see Supplementary Information) and 
evaluates to[6], [7]: 
 〈ܨ௭〉 ൌ 12Re ቊ
െ1
8ߨߝ଴ߝଵ න ݇௧ ቂቀ|݌௫|
ଶ ൅ ห݌௬หଶቁ ሺ݇ଵଶݎ௦ െ ݇௭ଵଶ ݎ௣ሻ ൅ |݌௭|ଶሺ2݇௧ଶݎ௣ሻቃ ݁௜௞೥భଶ௛	݀݇௧
ஶ
଴
ቋ (1) 
where ݇ଵ ൌ ݇଴݊ଵ ൌ 2ߨ݊ଵ/ߣ଴ is the wavevector in the upper medium with refractive index ݊ଵ and ݇௧ 
is the transverse wavevector. The Fresnel reflection coefficients ݎ௣ሺ݇௧ሻ and ݎ௦ሺ݇௧ሻ of the two 
dimensional sheet (given in the Supplementary Information) can be substituted into Eq. 1, which can 
be numerically integrated. For linear dipoles, the optical force acts exclusively along z and 〈ܨ௭ሺ݄ሻ〉 is 
conservative, which allows us to calculate the potential energy landscape ܷሺ݄ሻ of the dipole in the 
vicinity of the surface. 
A remarkable phenomenon arises: for certain values ݄ ≪ ߣ there can be a strong near-field repulsive 
force acting on the dipole, depending on ߪଶୈ. This is the main result of this paper. When the imaginary 
part of ߪଶୈ is close to zero, the potential landscape of the dipole is such that the dipole will be strongly 
attracted to the surface (Fig 1(b)) as usual in most surfaces. However, when the values of ߪଶୈ have a 
positive imaginary part, associated with a metallic character of the 2D material enabling it to support 
surface waves, then the dipole will be strongly repelled away from the surface if it is beyond a certain 
threshold distance (Fig 1(c)). These values of ߪଶୈ are easily achieved in experimental two-dimensional 
materials as shown later. This behaviour is very different to previous works on dipole repulsion above 
surfaces, in which the force shows a simple ݄ିସ decay with distance in the near field under the 
quasistatic approximation, with no changes of sign in the force, except for periodic oscillations in the 
relatively weak far-field force caused by phase retardation[6], [7]. In the present case, the quasistatic 
limit ݇௧ → ∞ predicts an attractive force as ݄ → 0 but the force undergoes a change of sign in the near 
field, not associated with far-field phase retardation, which changes the force to being repulsive above 
a threshold distance. This suggests the presence of competing near-field phenomena. In Fig 2(a) we plot 
the dependence of the threshold distance of repulsion, i.e. the contour at which 〈ܨ௭ሺݖሻ〉	changes sign for 
different values of h, as a function of the complex conductivity of the surface ߪଶୈ. These contours 
enclose the regions of ߪଶୈ where repulsion occurs for various distances. Fig. 2(b) plots the magnitude 
of the repulsive force at a fixed distance ݄ ൌ 0.006ߣ. From a macroscopic optics point of view, ignoring 
the atomic details, the only relevant optical parameter of a two-dimensional sheet is its complex sheet 
conductivity ߪଶୈ at a certain frequency. Thus, Fig. 2 provides a general recipe to the existence of 
repulsion from two-dimensional sheets at any given distance. 
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Fig. 2.  (a) Contour plot in the complex plane of graphene conductivity ߪଶ஽ enclosing the region of 
conductivity for which an attractive force takes place, for different dipole heights. (b) Time-averaged 
vertical force acting on the dipole plotted in the complex plane of ߪଶ஽ [zoom in from (a)] for a fixed 
height h = 0.006. (Dashed red lines) parametric plot of the conductivity of graphene as the frequency 
is varied, for graphene with different chemical potentials obtained from the Kubo formula. The 
conductivity of ideal graphene is labelled “A”, which coincides with the limit of Kubo formula at high 
frequencies ԰߱ ≫ ߤ௖. The conductivity for graphene with a chemical potential ߤ௖ at a certain 
frequency, arbitrarily chosen for strong repulsion in a region of metallic character, is labelled as “B”. 
The conductivity of graphene for different values of ߤ௖ crosses point “B” at different frequencies (e.g., 
for ߤ௖ ൌ 2 eV, it happens at ԰߱ ൌ 1.65 eV). The plots correspond to a horizontal dipole ܘ ൌ ݌௫ܠො  over 
a free standing 2D material (taking ߝଵ ൌ ߝଷ ൌ 1). 
 
Optical forces on dipoles above graphene - As a practical example of the ideas above, we will 
consider the behaviour of graphene. We would like to stress that all the above results are general and 
apply to any 2D material, and we only choose graphene as an example due to its well-characterized 
optical properties. The simplest ideal model for graphene is given by the conductivity ߪଶ஽ ൌ ݁ଶ/4԰, 
which corresponds to ߪଶ஽ ൎ ሺ0.023 ൅ 0݅ሻܿߝ଴. This does not have the required imaginary part for 
repulsion, and we label this as case “A” in Figs 1-3. When a more realistic model of graphene with a 
non-zero chemical potential ߤ௖ is used, its conductivity acquires a positive imaginary part at photon 
energies ԰߱ ൏ ሺ5/3ሻߤ௖, responsible for its metallic character, and enabling repulsion. We model the 
conductivity of graphene ߪଶ஽ሺ߱ሻ via the Kubo formula[22]–[24], see Supplementary Information. The 
wavelength-dependent conductivity of graphene with different chemical potentials ߤ௖ are shown as red 
dashed lines on Fig. 2, from which the existence of conductivity values well inside the repulsion region 
appears clearly. We label an arbitrarily chosen point of the dashed line in this region as case “B” in Figs 
1-3. This means that the chemical potential of graphene can be used to control and switch the repulsive 
force that it exerts on a nearby radiating dipole. The frequency-dependent force for a dipole above a 
graphene layer with chemical potential of ߤ௖ = 0 eV and 2 eV is shown in Figs. 3a-b. We see that the 
repulsion has a very broad bandwidth in the frequency region 0 ൏ ԰߱ ൏ ሺ5/3ሻߤ௖. This observation is 
confirmed for other values of ߤ௖, as shown in the Supplementary Information. Figure 3 also shows the 
associated electric field of the dipole near the graphene layer (Figs. 3(c-d)) and the time-averaged 
Poynting vector (Figs. 3(e-f)). We can see that the metallic character of graphene at these frequencies 
allows surface waves to be excited[25], and the power radiated from the dipole into the downward 
direction towards the surface couples into the surface waves (Fig. 3(d)). We hypothesise that there is a 
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downward-directed flow of electromagnetic momentum, which must be accompanied by an upwards 
recoil mechanical force responsible for the repulsion, similar to the mechanism of propulsion in 
classical mechanics. When the dipole further approaches the surface, repulsion changes into attraction. 
This is seen in the potential energy landscape from Fig. 1(c) and in the force plot of Fig. 3(b).  
 
 
Fig 3. Optical force acting on a horizontal dipole over graphene as a function of dipole frequency ԰߱ 
and height of the dipole over the surface ݄, for graphene with a chemical potential (a) ߤ௖ ൌ 0 eV 
(labelled “A” in Figs. 1,2) and (b) ߤ௖ ൌ 2 eV (labelled “B” in Figs. 1,2). (c-d) Field plots (ܧ௭) for the 
dipole over graphene as in (a,b), respectively, for a dipole height ݄ ൌ 0.006ߣ and a dipole frequency 
԰߱ = 1.65 eV. (e-f) Associated time-averaged Pointing vector [zoom in (c,d)]. The fields were 
calculated by direct integration of the Green functions for the electric and magnetic fields, taken as in 
Ref.[26]. An exact match of the fields and forces to those from frequency-domain numerical simulations 
in CST Microwave Studio was conformed (see Supplementary Information). 
 
Forces on illuminated polarizable particles near two dimensional materials - In the optical regime, 
a dipolar source is easily realized by the scattering of a small illuminated polarizable particle or 
molecule. In this case, in addition to the force caused by the dipole scattering itself, the illuminating 
light will also exert a gradient and scattering force on the particle. This situation can be analysed as 
follows: the particle gets polarized by all the fields incident on it, according to ܘ ൌ
ߙ ቀ۳୮୵ሺܚ૙ሻ ൅ ۳ୱ୰ሺܚ૙ሻቁ	where ߙ is the isotropic polarizability, ۳୮୵ሺܚሻ is the superposition of the 
incident, reflected and transmitted plane waves, and ۳ୱ௥ሺܚሻ ൌ ۵ിሺܚ, ܚ૙ሻ ⋅ ܘ is the back-scattering of the 
dipole fields reflected on the sheet. By solving this equation self-consistently for ܘ, we can compute 
the total time-averaged optical force acting on the particle as 〈۴〉 ൌ ሺ1/2ሻ∑ ܴ݁൛݌௜∗સ൫ܧ୮୵,௜ ൅௜ୀ௫,௬,௭
ܧୱ,௜୰ ൯ൟ. In this case, the source of energy is the plane wave, and the particle is just a passive scatterer. 
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This removes the infinities that appeared when the dipole was approaching the surface ݄ → 0. Fig. 4 
shows the potential energy landscape for a polarizable particle with polarizability near a graphene layer 
corresponding to cases “A” (ߤ௖= 0 eV) and “B” (ߤ௖= 2 eV), when light is illuminated at normal 
incidence from below.  It clearly shows the repulsion of the particle from the graphene layer at sub-
wavelength distances. As in the dipole source case, at the smallest distances ݄ → 0 the force becomes 
attractive in both cases. 
 
 
Fig. 4 (a) Point-dipole-like particle near a graphene sheet illuminated under normal incidence from 
below (through the graphene sheet). (b) Potential energy landscape of a polarizable particle with 
polarizability ߙ = (10-33) m3 near graphene with chemical potential ߤ௖ = 0 eV and 2 eV illuminated with 
light of frequency ԰߱ = 1.65 eV ( = 750 nm). 
 
Conclusions - We have shown an extremely simple mechanism for the repulsion of small polarizable 
particles from conductive sheets such as graphene layers with an appropriate chemical potential. Our 
argument relies on the solution of a classical optics scattering problem assuming an ideal dipolar particle 
and a homogeneous conductivity model for two dimensional materials, therefore ignoring complexities 
such as higher order multipoles effects that may arise due to coupling with the surface, as well as the 
surface atomic arrangements, electronic band structures, and quantum effects. The fact that such a 
robust, strong and broadband repulsion arises from this simplest possible model suggests that the result 
is of fundamental nature, and we expect it to persist in more refined analysis. Note that repulsion near 
ENZ substrates was originally studied for dipoles[6], [7], but later found to be extensible to much more 
complex cases, such as finite-size antennas[27] and even optical repulsion of dielectric waveguides[28]. 
We expect the same extended applicability for repulsion from 2D materials. 
We did not consider here other sources of forces on the particle, such as electrostatic charging, and 
fluctuation-induced forces (Casimir/London dispersion/van der Waals) caused by thermal and quantum 
fluctuations, which are known to dominate at small distances. In fluctuation electrodynamics, the 
computation of Casimir interactions can be reduced to solving the classical scattering problem, 
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integrated over the frequency fluctuations[29]. This leads to an interesting possibility: since the classical 
scattering repulsion studied in this work exists on a wide frequency range, we expect that fluctuation-
induced forces will be greatly affected. Thus, two dimensional sheets could have potential for 
applications in low friction devices[30] by exhibiting reduced attractive or perhaps even repulsive 
fluctuation-induced forces. This effect could be related with the experimentally observed unusual 
wetting characteristics of graphene on varying chemical potentials[11], [12]. 
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SUPPLEMENTARY INFORMATION 
 
Optical response of a two dimensional sheet 
The Fresnel coefficients of a two-dimensional sheet with sheet conductivity ߪଶ஽ can be obtained by 
solving the electromagnetic boundary conditions ܖෝ	ൈ	ሺ۳ଵ െ ۳ଷሻ ൌ 0 and ܖෝ	ൈ	ሺ۶ଵ െ ۶ଷሻ ൌ ۸௦, where 
ܖෝ is a unit vector perpendicular to the interface (in this case ܖෝ ൌ ܢො), ۳ଵ, ۶ଵ, ۳ଷ, ۶ଵ are the electric and 
magnetic fields in the upper and lower media, respectively, and ۸௦ ൌ ߪଶ஽۳௧	is the surface current density 
induced in the sheet, proportional to the tangential electric field ۳௧ ൌ ۳ଵ െ ۳ଵ ⋅ ܖෝ. Alternatively, two 
dimensional sheets with a sheet conductivity ߪଶ஽ can also be modelled as shown in Supplementary Fig. 
S1, by considering a slab with a small thickness Δ ≪ λ, made up of a material with a thickness-
dependent effective relative permittivity ߝୣ୤୤ሺ∆ሻ ൌ 1 ൅ ݅ߪଶ஽/ሺ߱ߝ଴∆ሻ. The optical response of such a 
thin slab converges, in the limit Δ → 0, to the behaviour of the ideal two-dimensional material with 
conductivity ߪଶ஽[7], [22]. Both procedures lead to the complex field transmission and reflection Fresnel 
coefficients of a two dimensional sheet sandwiched between materials with relative permittivities ߝଵ 
and ߝଷ given by: 
ݎ୮ሺ݇୲ሻ ൌ ሺߝଷ൅݇௭ଷ௥ߪ୬୭୰୫ሻ݇௭ଵ௥ െ ߝଵ݇௭ଷ௥ሺߝଷ൅݇௭ଷ௥ߪ୬୭୰୫ሻ݇௭ଵ௥ ൅ ߝଵ݇௭ଷ௥  
ݐ୮ሺ݇୲ሻ ൌ 2ሺߝଵߝଷሻ
ଵ/ଶ݇௭ଵ௥
ߝଷ݇௭ଵ௥ ൅ ߝଵ݇௭ଷ௥ ൅ ݇௭ଵ௥݇௭ଷ௥ߪ୬୭୰୫  (S1) 
ݎୱሺ݇୲ሻ ൌ ݇௭ଵ௥ െ ሺ݇௭ଷ௥ ൅ ߪ୬୭୰୫ሻ	݇௭ଵ௥ ൅ ሺ݇௭ଷ௥ ൅ ߪ୬୭୰୫ሻ   
ݐୱሺ݇୲ሻ ൌ 2݇௭ଵ௥݇௭ଵ௥ ൅ ݇௭ଷ௥ ൅ ߪ୬୭୰୫  
Where ݇୲୰ ൌ ݇୲/݇଴ ൌ ሺ݇௫ଶ ൅ ݇௬ଶሻ/݇଴ is the normalized wave-vector component in the plane parallel to 
the surface (conserved at the interfaces), ݇௭௜௥ ൌ ݇௭௜/݇଴ ൌ ሺߝ௜ െ ݇୲୰ଶ ሻଵ/ଶ	 is the normalized wave-vector 
component in the direction perpendicular to the sheet at the i-th medium, and ߪ୬୭୰୫ ൌ ߪଶ஽/ሺܿߝ଴ሻ	is a 
dimensionless way to express the two dimensional sheet conductivity. The normalization of 
conductivity and wave-vectors allows Eqs. S1 to be written compactly, and all the quantities involved 
are dimensionless. The expressions are simplified even further if the substrate and superstrate are equal 
(ߝଵ ൌ ߝଷ): for example, ݐఌభୀఌయ௣ ൌ 2ߝଵ/ሺ2ߝଵ ൅ ݇௭௥ߪ୬୭୰୫ሻ. Eqs. (S1) are valid for both propagating 
(|݇௧| ൏ ݇ଵ) and evanescent (|݇௧| ൒ ݇ଵ) components, and therefore can be used to calculate the fields 
resulting from any incident field of which its spatial Fourier decomposition ܧ௣/௦ሺ݇௫, ݇௬ሻ is known, 
including the fields of a dipole source.  
 
Fig S1. A two dimensional sheet with conductivity ߪଶ஽ can be modelled as a thin slab of thickness Δ 
with thickness-dependent permittivity ߝୣ୤୤ሺ∆ሻ ൌ 1 ൅ ݅ߪଶ஽/ሺ߱ߝ଴∆ሻ, whose Fresnel coefficients 
converge in the limit ∆	→ 0. 
 
10 
 
Green function’s gradient  
The fields reflected by a dipole located at ܚ଴ near a surface defined by ݖ ൌ 0 are given in terms of the 
Green function as ۳ሺܚ, ߱ሻ ൌ ۵ിሺܚ, ܚ૙, ߱ሻ	ܘ. The reflected field Green function for a surface with 
arbitrary reflection coefficients ݎ௣ሺ݇௧) and ݎ௦ሺ݇௧) can be written using Weyl’s identity[16], [17] as: 
۵ിሺܚ, ܚ଴, ߱ሻ ൌ ݅8ߨଶߝ଴ߝଵඵ݀݇௫݀݇௬݁
௜ሺ௞ೣሺ௫ି௫బሻା௞೤ሺ௬ି௬బሻା௞೥భሺ௭ା௭బሻሻൣݎ௣ۻശሬሬԦ௣ ൅ ݎ௦ۻശሬሬԦ௦൧  (S2) 
 
where the integral is performed over ݇௫, ݇௬ ∈ ሾെ∞,∞ሿ and ۻശሬሬԦ௣ and ۻശሬሬԦ௦ represent the p- and s- 
polarized components of the dipole, given by: 
ۻശሬሬԦ௣ ൌ ൮
െ݇௭ଵ݇௫ଶ/݇௧ଶ െ݇௭ଵ݇௫݇௬/݇௧ଶ െ݇௫
െ݇௭ଵ݇௫݇௬/݇௧ଶ െ݇௭ଵ݇௬ଶ/݇௧ଶ െ݇௬
݇௫ ݇௬ ݇௧ଶ/݇௭ଵ
൲ 
ۻശሬሬԦ௦ ൌ ݇ଵ
ଶ
݇௭ଵ݇௧ଶ ቌ
݇௬ଶ െ݇௫݇௬ 0
െ݇௫݇௬ ݇௬ଶ 0
0 0 0
ቍ 
with ݇ଵ ൌ ݊ଵ݇଴ ൌ ݊ଵ߱/ܿ. The gradient of the Green function is performed with respect to ܚ ൌ
ሺݔ, ݕ, ݖሻ and is given by: 
׏۵ി ൌ ߲۵ി߲ݔ ܠො ൅
߲۵ി
߲ݕ ܡො ൅
߲۵ി
߲ݖ ܢො 
where the spatial derivatives can be directly obtained from Eq. (S2) as: 
߲۵ി
߲ݔ ሺܚ, ܚ଴, ߱ሻ ൌ െ
1
8ߨଶߝ଴ߝଵඵ݇௫݀݇௫݀݇௬݁
௜ሺ௞ೣሺ௫ି௫బሻା௞೤ሺ௬ି௬బሻା௞೥భሺ௭ା௭బሻሻൣݎ௣ۻന௣ ൅ ݎ௦ۻന ௦൧ 
߲۵ി
߲ݕ ሺܚ, ܚ଴, ߱ሻ ൌ െ
1
8ߨଶߝ଴ߝଵඵ݇௬݀݇௫݀݇௬݁
௜ሺ௞ೣሺ௫ି௫బሻା௞೤ሺ௬ି௬బሻା௞೥భሺ௭ା௭బሻሻൣݎ௣ۻന௣ ൅ ݎ௦ۻന ௦൧ 
߲۵ി
߲ݖ ሺܚ, ܚ଴, ߱ሻ ൌ െ
1
8ߨଶߝ଴ߝଵඵ݇௭ଵ݀݇௫݀݇௬	݁
௜ሺ௞ೣሺ௫ି௫బሻା௞೤ሺ௬ି௬బሻା௞೥భሺ௭ା௭బሻሻൣݎ௣ۻന௣ ൅ ݎ௦ۻന ௦൧ 
The gradient needs to be calculated at the location of the dipole, therefore we take the limit ܚ → ܚ଴ and 
we assume ܚ଴ ൌ ሺ0,0, ݄ሻ which simplifies the expressions to:  
߲۵ി
߲ݔ ሺܚ଴, ܚ଴, ߱ሻ ൌ െ
1
8ߨଶߝ଴ߝଵඵ݇௫݀݇௫݀݇௬݁
௜ଶ௞೥భ௛ൣݎ௣ۻന௣ ൅ ݎ௦ۻന ௦൧ 
߲۵ി
߲ݕ ሺܚ଴, ܚ଴, ߱ሻ ൌ െ
1
8ߨଶߝ଴ߝଵඵ݇௬݀݇௫݀݇௬݁
௜ଶ௞೥భ௛ൣݎ௣ۻന௣ ൅ ݎ௦ۻന ௦൧ 
߲۵ി
߲ݖ ሺܚ଴, ܚ଴, ߱ሻ ൌ െ
1
8ߨଶߝ଴ߝଵඵ݇௭ଵ݀݇௫݀݇௬݁
௜ଶ௞೥భ௛ൣݎ௣ۻന௣ ൅ ݎ௦ۻന ௦൧ 
We can now write the transverse wave-vectors in cylindrical coordinates ݇௫ ൌ ݇௧ cos ߙ and ݇௬ ൌ
݇௧ sin ߙ and, with some algebra, perform the angular integration in ߙ ∈ ሾ0,2ߨሿ leaving only a single 
integration in ݇௧ ∈ ሾ0,∞ሿ: 
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߲۵ി
߲ݔ ሺܚ଴, ܚ଴, ߱ሻ ൌ
1
8ߨߝ଴ߝଵ න݀݇௧݁
௜ଶ௞೥భ௛݇௧ଷݎ௣ ൭
0 0 1
0 0 0
െ1 0 0	
൱ 
߲۵ി
߲ݕ ሺܚ଴, ܚ଴, ߱ሻ ൌ
1
8ߨߝ଴ߝଵ න݀݇௧݁
௜ଶ௞೥భ௛݇௧ଷݎ௣ ൭
0 0 0
0 0 1
0 െ1 0	
൱ 
߲۵ി
߲ݖ ሺܚ଴, ܚ଴, ߱ሻ ൌ
1
8ߨߝ଴ߝଵ න݀݇௧݁
௜ଶ௞೥భ௛݇௧ ቌ
݇௭ଵଶ ݎ௣ െ ݇ଵଶݎ௦ 0 0
0 ݇௭ଵଶ ݎ௣ െ ݇ଵଶݎ௦ 0
0 0 െ2݇௧ଶݎ௣	
ቍ 
The time-averaged force vector acting on the dipole is given as: 
〈۴〉 ൌ ෍ 12ܴ݁൛݌௜
∗݌௝સܩ௜௝ൟ
௜,௝ୀ௫,௬,௭
	ൌ ෍ 12ܴ݁ ቊ݌௜
∗݌௝ ቆ߲ܩ௜௝߲ݔ ܠො ൅
߲ܩ௜௝
߲ݕ ܡො ൅
߲ܩ௜௝
߲ݖ ܢොቇ	ቋ௜,௝ୀ௫,௬,௭
 
Where the sum is done over nine terms, corresponding to the nine elements of the tensor, most of which 
are zero. The z-component of the force is therefore given by: 
〈۴〉 ⋅ ܢො ൌ 12ܴ݁ ൜|݌௫|
ଶ ߲ܩ௫௫
߲ݖ ൅ ห݌௬ห
ଶ ߲ܩ௬௬
߲ݖ ൅ |݌௭|
ଶ ߲ܩ௭௭
߲ݖ 	ൠ 
which after substitution of the appropriate terms results in the equation given in the main text. Notice 
that if the dipole is linearly polarized, we have ݌௜∗݌௝ ൌ ݌௝∗݌௜, and the lateral components of the force 
exactly cancel out. 
 
Kubo formula for the conductivity of graphene 
In this work we used the Kubo formula[22]–[24]to model the conductivity of graphene, which is 
known to fit well with experimental results. The temperature was taken as T = 293 K, the energy gap 
as 0 eV, and the scattering rate was set at Γ=1.29 meV, which is the highest amongst Refs.[22]–[24], 
and the results do not depend strongly on the scattering rate. 
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Effect of dipole polarization and presence of a substrate 
Supplementary Figure 2 shows the frequency dependent vertical force acting on a vertical dipole above 
graphene at different chemical potentials, comparing free standing graphene (ߝଷ ൌ 1) with the case of 
a substrate with ߝଷ ൌ 2. By comparison with the figures in the main text, it is clearly seen that the 
behaviours discussed in the main text are robust to changes in dipole polarization. The presence of the 
substrate has an interesting effect in the region of repulsive force (Fig S2(b,d,f)). Clearly, as the 
substrate’s refractive index increases, the repulsive region will get smaller and eventually disappear, 
but the repulsion effects exists for low index substrates. Interestingly, for the case ߝଷ ൐ 1 we see that 
the near field force as a function of distance has two sign changes for a given frequency. This implies a 
stable point of equilibrium in the potential energy landscape. The equilibrium height depends on the 
frequency, which suggests interesting applications for particle sorting and manipulation. 
 
 
Fig. S2. Map of the vertical force for a vertical dipole over a graphene sheet with different chemical 
potentials and for different substrate permittivities. The observed behaviour is qualitatively identical 
to a horizontal dipole considered in the main text. The upper frequency limit of the repulsion can be 
seen to converge to (5/3)ߤ௖. 
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Numerical simulations 
Supplementary Figure 3 shows the comparison between the forces calculated analytically using Eq. (1) 
and numerically by integrating Maxwell’s stress tensor using the commercial software CST Microwave 
Studio. Both theory and simulations are in excellent agreement. 
In the numerical simulations, infinitely thin two-dimensional sheets cannot be modelled. Instead, we 
modelled graphene as a very thin film of thickness Δ = 0.5 nm with corresponding permittivity ߝୣ୤୤ሺΔሻ 
as detailed above. In the figure we also show the analytical calculation of the force for the case of that 
same thin sheet, seen to give results very close to the infinitely thin sheet. 
 
 
Fig. S3. Logarithmic plot of the distance dependence of the vertical force for a horizontal dipole over a 
graphene sheet, corresponding to case “B” (frequency ԰߱=1.65 eV and graphene chemical potential ߤ௖ 
= 2 eV). Red and blue curves correspond to repulsive and attractive forces, respectively. Comparison 
between the forces calculated using the numerical integration of Eq. (1) in the main text for graphene 
modelled as an infinitely thin layer (analytical limit) and as a 0.5 nm thick layer,  and using simulations 
with CST Microwave Studio in which graphene is modelled as a 0.5 nm thick layer. In the simulations, 
the force was obtained from the fields by integration of Maxwell’s stress tensor. The force was checked 
to be independent of the size of the integration volume around the dipole, showing robustness of the 
result. Numerical noise was relatively large in the last data point due to the very low value of the force. 
